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Fourier—Jacobi series with nonnegative Fourier—Jacobi coefficients are considered.
Under special restrictions on the Jacobi weight function, we establish in terms of
Fourier—Jacobi coefficients a necessary and sufficient condition in order that
the sum of the Fourier—Jacobi series should possess certain structural properties.
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1. INTRODUCTION

The trigonometric series

fx)=7> a,cosnx, a,lo, (1)
n=0
and
gx)=Y a,sinnx, a,l0, (2)
n=0

have attracted mathematicians’ attention for a long time. The first results
in this area belong to Fatou [ 3, 4]. It is easy to prove by applying Abel’s
transformation that the series (1) and (2) converge uniformly on any inter-
val [0, m—0], 0<d<mn. In [2] a necessary and sufficient condition is
given for the uniform convergence of the series (2) on [0, 2z ]. Making use
of this result, it is easy to give an example of a trigonometric series that
converges uniformly but not absolutely on [0,2n]; such a series is
> ,sinnx/nlnn.

The interest in the investigation of the series (1) and (2) can be explained
in two ways. First of all if one wishes to prove a statement concerning
general trigonometric series, then very often it is helpful to have at one’s
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disposal the same statement proved for a sufficiently large number of par-
ticular cases. On the other hand, some series of type (1) and (2) play an
important role in the general theory of trigonometric series. For example,
when dealing with the Gibbs phenomenon for functions of bounded varia-
tion, it is essential to know the behavior of the partial sums of the series
> ,sinnx/n in a neighborhood of x =0. Besides, these partial sums are
useful in the construction of Fejér’s examples of functions whose Fourier
series converge everywhere on [0, 27 ] but do not do so uniformly. We note
also that the necessary and sufficient condition for the function (1) or
(2) to belong to the space L”([0,2n]), p>1, plays a significant role in
obtaining the main results of [6, 7] (the condition is }.°_, a?n” ~? < ).

We will write feLipy (0<y<1) on [a, b] if there is a constant M >0
such that Vx,, x, €[, b] the inequality

|f(x2) = f(x ) S M- |x3—x, |7

holds and, moreover, M does not depend on x,, x,. In [9], Lorentz has
found a necessary and sufficient condition for a function of type (1) or (2)
to belong to the class Lipy (0<y<1) on [0, 2%].

In this paper we will prove a similar statement for the Fourier—Jacobi
series.

2. NOTATION

Let C be the space of functions that are continuous on [—1,1],
£ =11/ =max{|f(x)|: [x| <1}, and L, s (a0, f> —1) be the space of
functions that are Lebesgue integrable on [ —1, 1] with the weight function
(I —x)* (14 x)”. By N we denote the set of all natural numbers and by W
the set of all nonnegative integers. H, (ne€ W) is the set of all algebraic
polynomials of degree at most n. For fe C, ne W, we set

En(f)C:En(f):lnf{ Hf_Qn HC: QEH}T}'

E,(f) is the best approximation of f in the C metric by algebraic poly-
nomials of degree at most n. {J=#}={J,} 7 is the system of Jacobi
polynomials, orthonormal on [ —1,1] with the weight function
(1—x)*(14+x)” (0, > —1), J,(1)>0 Vne W. We denote by a'*#(f)=
a,(f) (ne W) the Fourier-Jacobi coefficients of fe L, ,. By S{/(f)=
S,(f) (ne W) we denote the nth partial sum of the Fourier—Jacobi series

* o0a,(f)J,. For ae R the symbol [a] denotes the greatest integer not
exceeding a. By A and by A4 with arguments between parentheses we
denote, (in general, different) absolute positive constants and positive
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constants depending on the corresponding arguments, respectively. For

[o0)

two sequences {a,} ", {f,} o of positive numbers we will write o, ~ f, if
there exist constants 4,, 4, >0, independent of n, such that

Alﬁngan<A2ﬁn (nEW)'

I denotes Euler’s Gamma function.

3. THE MAIN RESULTS
The primary purpose of this paper is to prove the following.

THEOREM. Let —12<f<a<1/2 or —12<a<f<1/2 and assume
that feC, a,(f) =0 VYne W. Then

= alf)J, in the C metric; (3)

n=0

in addition, for the relations
f=3 a,(f)J" (meW) in the C metric (4)

and
felipy,  0<y<l, (5)

to be valid simultaneously, it is necessary and sufficient that the inequality

ay(f) k2T < A(m, o, B) - (n41)2 7% (6)

n

1=

k
should hold, where o =max{a, i}, n,n—me W.

Before we proceed to prove the theorem, we mention two papers dealing
with the same type of problems. In [10] one has established in terms of
the sequence {c,} a sufficient condition for the function Y2 ¢, J#
(a, f> —1) to have r continuous derivatives on (—1, 1). In [ 8] the author
has imposed on the Fourier—Jacobi coefficients special monotonicity condi-
tions and has established, under certain restrictions on « and f, a necessary
and sufficient condition in terms of the Fourier—Jacobi coefficients in order

that the Fourier-Jacobi series be convergent in the L, , metric.
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4. PRELIMINARY LEMMAS

We will use the following formula [ 12, formulas (4.21.7) and (4.3.4)]
(I = C o, Bym) TPt PEm o nom—me W, (7)

n—m

where
C,(a, B, m)
=I(n+ D) In+a+B+m+ D) I 'm—m+ 1) T " (n+a+p+1))"%
for large n we have
C,(a, B, m)~n". (8)
We will also make use of the following estimate [ 12, formula (7.32.2)]:

I, < Ao B)(n+1)7 " neW, o=max{m f}>—1 (9

LEmMmA 1. Let —1/2<a, f<1/2, ke W, 0<(2k+ 1) t<m. Then
Ju(1) —Ji(cos t) = A(a, B) k™32, (10)
Proof. Let x, be the largest zero of J, (ke N), x;,=cos ¢, 0<p<m.

Since —1/2<a, f<1/2, we have ¢, =n/(2k+1) [12, formula (6.21.5)]
and, therefore, the inequality (2k + 1) ¢t <7 implies cos ¢ > x,. Further,

J(1) = Ji(cos 1) = f‘ Ti(z) dz = J(x,)(1 —cos 1), (11)

As proved in [13], we have
Jilxy) = Ao, B) k> 32, (12)

From (11) and (12) we obtain at once (10). Lemma 1 is proved.

For f'e C we introduce (C, 1)-sums with respect to the system {J,}

B f) = g < k >ak(f), new.

We need the following proposition [ 1, p. 32].
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PrROPOSITION.  If f<a<1/2, then
loallcn e <A, f),  neW. (13)

For o= =0, inequality (13) has been proved in [5].
LemMA 2. Let f<a<1/2, feC, a,(f)=0Vne W. Then

IS.OI <A1 new. (14)

Proof. We may assume that n>1 since inequality (14) is trivial for
n=0. We introduce the de la Vallée—Poussin sums for f by

2n71

ﬁf ﬁ)(f) - Tn(f Z Sk 20’2;171(f) _O-nfl(f‘)' (15)

By virtue of (15) and (13), Vf'e C, Yne W we have

7. ) < Al B) LS. (16)

Let Q,, € H, (meN), | f— 0, | =E,(f); since 7,(Q,)=0,, in view of
(16) we obtaln

If =T D<= Q| + 20(f = Q)| < A(e, B) E,(f)- (17)

We will make use of the following easily verifiable equality:
1 m—1
Tm(f) = Sm(f) +— Z (m _k) am+k(f) Jm+k’

m

If m >n, then we have

1SN =S,/ D) <S8,/ 1)

1
=7,(/i 1) —

§
Tl\’]\

(m_k) am+k(.f) Jm+k(1)

1

<5 1) = llTa (I (18)

If in (18) we let m — oo and we take into account (17), then we obtain (14).
Lemma 2 is proved.
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LemMmA 3.  Under the conditions of Lemma 2, we have

Lf = SO < A, B) Eppyny(f)- (19)

Proof. We may assume that n>1 since inequality (19) is trivial for
n=0. Since 7;,,,(f) € H,, we have

f=S.f)=f~— T[n/zj(f) + Sn(T[n/zj(f) —f)

and, consequently, we obtain

If=SOI<If— Trn2] (O + HSn(T[n/ZJ(f) -l (20)

Making use of (17) we derive

Hf_T[n/2](f)H < A, ) E[n/2](f)' (21)

Taking into account (15), one can easily verify that

2n—1 k n—1
=2 Z (12>ak(f)']k+ Z a(f) Jg. (22)
k=n n k

It follows from (27) that

0, k< m
alf =t =S (g1t |5] <k<2|5] -1
a(f), k=2 m
which implies that
Wl TN 20 ke, (3)

In view of (23) we can apply (14) to f'—1(,»(f):

1S, (f — Trn2] < Hf_T[n/zj(f)H < Ao, B) E[n/zj(f)- (24)
Combining (20),(21), and (24), we obtain (19). Lemma 3 is proved.

Remark. For a=f=0, Lemmas 2 and 3 have been proved in [11].
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5. PROOF OF THE THEOREM.

We are now in position to prove the theorem stated in Section 3. Assume
that —12<f<a<1/2. First we note that the expansion (3) follows
directly from (19). We will prove now that if the estimate (6) holds, then
the relations (4) and (5) are simultaneously valid. First we prove that

z f) k+1)2m+oc+l/2<oo (25)

We introduce

al( )k +1)>" =52 mzm; p,, =0

M=

Pn=
k

m

Making use of Abel’s transformation, we obtain

T @ k+ 1= Y p(k 1) 2 (k+2)72)

< A(m, a, B) Z (k+1)"'"*<o0.

Differentiating formally the series (3) m times, we obtain the series
*_a,(f)J'™. Taking into consideration (7)—(9) and (25), we obtain

n=m " "'n

al(f) 1T < Ao Bom) Y ap(f)k +1)* 212 < on

k=m

I 3
sM

k

and, consequently, £ e C and we have the following Fourier-Jacobi series
expansion in the C metric:

e’}

SU= T @l = T alf) Cula fm) JE

k=m k=m

Let x,, x, e[ —1,1], x; #x,. We have
S(x0) = f(xy)

Z Clot, B m)(J 2 5 (xy) = T P (x ),
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Assume that M e W, M >m. Then

M

[f0x) = ()< Y arl(f) Cilo fom)

k=m

TP () = Tt P ()|

+2 ) alf) Culow fom) ITEZ0m P || ¢

k=M+1
M
SA(m, o, f) Ixy =1 Y, a(f) K" 1T Py
k=m

FAm ) Y alf) ke

k=M+1
S, has been estimated above:
S, <A(m, o, ) (M+1)"2. (27)

Making use of (7)—(9) and (6), we obtain
Si<A(m, o, ) [xy— x| - (M +1)>~. (28)
It follows from (26)—(28) that

/7 (x5) = [ x)
SA(m, o, BI(M+1) "2 + [xy—x, | (M +1)27%). (29)

We set
M+1=[m+|x,—x,| "*+2].
It is obvious that
X, —x, | "2P<M+1<A(m) |x,—x,| "~ (30)
Combining the estimates (29) and (30), we derive that
£ (x0) = f (x| < A(m, o B) - [x; =, |7,

ie, f"eLipyon, [—1,1].
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It remains to prove that if the relations (4) and (5) hold simultaneously,
then inequality (6) is valid. We have

i al(ILT(1) =T (cos )] =1 £(1) — f"(cos 1)
k=m

<A-(1—cost)/<A-t7,

0<r<m. (31)

Making use of Lemma 1, we obtain

e}

> ad HLTE(1) =" (cos 1)]

k=m
[7n(2t) ' +m—2-1]

ZA(WI, a, ﬁ) Z ak(f)'km

k=m
X [T B (1) = TP cos 1)]

[7-20)" ' +m—2-1]
> A(m, a, f) 2 > ap(f) kxR, (32)

k=m
It follows from (31) and (32) that

[7(26) "'+ m—1/2]
an(f) k2R < A(m, o, B) 0772 (33)

k=m
Setting t =7/(2n—2m+1) in (33), we obtain

S () K2 < Al a, B)(n 4 1),

k=m

This completes the proof of the theorem in the case —12<f<a<1/2.
The case —1/2<a<ff<1/2 can be easily reduced to the first one if (i) we
apply the assertions of the theorem just proved to the function
@(x) = f(—x) and (ii) we take into account that Vne W, Vxe R we have
TP =)= (= 1) TP (),

CoroLLARY. Let feC, a,(f)|0. Then (1) the relation (3) holds; (ii) the
relations (4) and (5) are simultaneously valid if and only if Yne W we have

an(f) <A(M, o, ﬂ) . (I’l + 1)_3/2—2771—0—_2},'
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